Abstract. We prove that PHH harmonic submersions are (weakly) stable.
for any horizontal tangent vector v ∈ T x M , and any vector field Y , locally defined in a neighbourhood of ϕ(x), where ∇ M is the Levi-Civita connection on M (the Levi-Civita connections on N is denoted by ∇ N , and the induced connection in the bundle ϕ −1 T N is denoted by ∇). The map ϕ is called PHH if it is PHH at any point x of M . It is easy to see that a PHWC map is PHH if and only if
for any horizontal vector field X on M and any vector field Y on N . The two conditions PHWC and PHH can be seen in terms of the almost complex structure on the horizontal bundle, defined by
J H is the restriction of an f -structure on M , also denoted by J H , which vanishes on the vertical distribution. The PHWC condition is the compatibility condition of J H with the metric on M , while pseudo-horizontally homothetic condition is equivalent to J H being parallel in horizontal directions.
Suppose next that the map ϕ is harmonic and submersive, and M is compact. In this case, we know from Theorem 2.1 (a), Proposition 3.1 and Proposition 3.3 in [1] that the fibres of ϕ are minimal submanifolds. Recall next that the stability of harmonic maps is controlled by a condition on the Hessian of the energyfunctional:
for all V a section of the bundle ϕ −1 T N . The Hessian is computed by (see [7] , pp. 155)
for all V, W sections in ϕ −1 T N , where v M is the volume form on M , and J ϕ is a second order selfadjoint elliptic differential operator acting on sections of ϕ −1 T N in the following way. Denote by N R the curvature tensor field on N , and let {ε 1 , ..., ε m } be an orthogonal vector frame on M , and V be a section in ϕ −1 T N . Then
The second-order elliptic differential operator
is called the rough Laplacian of ϕ, cf. [7] , pp. 155. The second sum which appears in the formula defining the Jacobi operator J ϕ is denoted by R ϕ , so J ϕ =∆ ϕ − R ϕ . One of the useful properties of the rough Laplacian, which will be constantly used in the sequel is the following, cf. [7] , pp. 156.
Proposition 1 The rough Laplacian∆
where V and W are sections on ϕ −1 T N , and
After these preparations, we arrive at the statement of the main result of this paper.
be a Kähler manifold, and ϕ : M → N be a harmonic PHH submersion. Then ϕ is (weakly) stable.
Proof. As in the proof of Theorem 4.1 of [1], we choose a (local) frame {e 1 , ..., e n , J N e 1 , ..., J N e n } in ϕ −1 T N such that the system {dϕ * (e 1 ), ..., dϕ * (e n ),dϕ * (J N e 1 ), ..., dϕ * (J N e n )} is an orthogonal frame in the horizontal distribution. We also choose {u 1 , ..., u s } an orthonormal basis for the vertical distribution.
We denote E i = dϕ * (e i ), and
, for all i = 1, ..., n. With this notation, we apply the same strategy of proof as in [7] , pp. 172, Theorem 3.2. For V a section in ϕ −1 T N , we apply Proposition 1, and compute:
By definition
Analogous to the operator used in the proof of Theorem 3.2, Chapter 5, [7] , we define, for any V ∈ Γ ϕ −1 T N , the operator DV ∈ Γ ϕ −1 T N ⊗ H * , where H is the horizontal distribution on M , by
for any X a horizontal vector field on M . Next, we compute
Next, taking into account the identities dϕ(E
, and the basic properties of the curvature tensor field N R, we obtain
and thus
We compute
Similarly to [7] , pp. 180, we define a C ∞ function φ on M by the formula:
The proof of the Theorem will be concluded if we prove
For this, we use Green's formula. We choose X a horizontal vector field on M defined by the property:
for any vector field Y on M , and we prove div(X) = φ. Indeed, since the fibres of ϕ are minimal, and X is horizontal, it follows:
